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Matthew Marsh Benôıt Chachuat Antonio del Rio Chanona
Sargent Centre for Process Systems Engineering, Imperial College London

Abstract

Machine Learning is becoming more preva-
lent in science and engineering, but many
approaches do not provide meaningful un-
certainty estimates and predictions may also
violate known physical knowledge. We pro-
pose a Bayesian framework to embed lin-
ear relationships across inputs and outputs
into the learning process, whilst characteriz-
ing full predictive uncertainty over both the
model parameters and the domain knowl-
edge. We evaluated our method on learn-
ing the single particle battery model subject
to voltage and energy balances, showing its
ability to provide reduced credible intervals
and constraint violations compared to stan-
dard Bayesian neural networks based on vari-
ational inference.

1 Introduction

In many scientific and engineering domains, predictive
models must satisfy known physical constraints. These
constraints are often linear equalities arising from mass
and energy balances. However, modern neural net-
works trained purely on data, of limited quantity or
quality, with no consideration of constraints may fre-
quently violate such relations, leading to physically in-
consistent or infeasible predictions.

Bayesian neural networks (BNNs) provide a princi-
pled framework for uncertainty quantification by plac-
ing distributions over model parameters [Neal, 1996,
Blundell et al., 2015]. Yet, standard BNN formula-
tions do not explicitly enforce known constraints in the
predictive distribution. While hard projection meth-
ods and penalty-based approaches exist [Raissi et al.,
2019, Amos and Kolter, 2017, Donti et al., 2021], they
typically treat constraints deterministically and do not
account for overall uncertainty in constraint satisfac-
tion.

To overcome these challenges, we propose a proba-
bilistic framework for embedding linear equality con-
straints directly into BNNs, tractably evaluated using
variational inference (VI). We show that when the pre-
dictive distribution is Gaussian and the constraints are
linear, constraint enforcement reduces to closed-form
Gaussian conditioning. This yields a posterior pre-
dictive distribution that satisfies constraints up to a
defined tolerance level while preserving calibrated un-
certainty.

Furthermore, we treat the constraint tolerance as a
random variable and perform VI jointly over the net-
work parameters and tolerance level. Alongside the
constraint embedding, this allows the model to learn
how strictly the constraints should be enforced from
data, rather than assuming they hold exactly. The
resulting framework integrates structured knowledge,
uncertainty quantification, and tractable optimisation
into a single differentiable training objective, provid-
ing a principled bridge between structured probabilis-
tic modelling and modern deep learning.

2 Related Work

Neural networks are powerful approximators, however
standard deterministic training yields only point pre-
dictions with no principled measure of confidence, and
offers no mechanism to enforce known physical re-
lationships. In science and engineering applications,
both are important limitation: uncalibrated predic-
tions may be overconfident, and physically inconsis-
tent outputs undermine trust and decision-making.
Bayesian inference and constraint enforcement address
these shortcomings independently, but existing ap-
proaches rarely combine them. Whilst Bayesian meth-
ods quantify uncertainty without enforcing structure,
constraint methods enforce structure without propa-
gating uncertainty.
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2.1 Bayesian Neural Networks

Bayesian inference provides a natural framework for
uncertainty quantification (UQ) by treating model pa-
rameters as random variables whose posterior distri-
bution reflects the evidence provided by data. Ex-
act inference is intractable for deep networks, motivat-
ing scalable approximations such as VI [Graves, 2011,
Blundell et al., 2015] and Monte Carlo dropout [Gal
and Ghahramani, 2016]. These methods provide pre-
dictive uncertainty estimates, though without consid-
ering constraint satisfaction.

2.2 Constraining Neural Networks

Physics-informed neural networks (PINNs) incorpo-
rate physical knowledge by penalising physical con-
straint residuals during training [Raissi et al., 2019],
and are amongst the most widely adopted example of
soft constraint enforcement. However, this approach
does not guarantee that the constraints are enforced
everywhere, neither during training nor inference.

Hard constraints, on the other hand, augment model
architectures to enforce constraints on all model out-
puts. Some approaches utilise projections onto fea-
sible outputs [Chen et al., 2024]. OptNet [Amos and
Kolter, 2017] uses quadratic programs as differentiable
layers, expanded in subsequent work to general dif-
ferentiable convex optimisation layers [Agrawal et al.,
2019]. Subspace-based methods can also be used to
reconstruct outputs consistent with constraints [Donti
et al., 2021].

A common limitation shared by both soft and hard ap-
proaches is that constraint satisfaction is often treated
deterministically, thereby omitting uncertainty propa-
gation. Our work addresses this gap by incorporating
constraints probabilistically via Gaussian conditioning
[Hansen et al., 2023], treating constraints as noisy lin-
ear observations, with joint inference yielding a frame-
work that enforces physical structure while preserving
uncertainty estimates.

2.3 Post-Bayesian Inference and Structured
Conditioning

In classical Gaussian models, conditioning under linear
transformations admits closed-form solutions [Mur-
phy, 2023]. Our approach integrates linear con-
straint conditioning directly into the variational ob-
jective, with the posterior learned jointly with a
probabilistic tolerance over the constraints. The
method can be interpreted as a post-Bayesian exten-
sion: rather than performing Bayesian inference over
unconstrained function classes, uncertainty is condi-
tioned and reshaped by known linear relationships,

embedding inductive bias directly into the model.

3 Methodology

We consider supervised learning over a dataset D =
{(xi,yi)}Ni=1, with x ∈ Rnx , y ∈ Rny . The neural
network outputs a diagonal Gaussian, with mean µP ∈
Rny and variance σ2

P ∈ Rny :
p(y | x,θ) = N

(
µP (x;θ),diag(σ

2
P (x;θ))

)
, (1)

with the neural network parameters denoted by θ ∈
Rnθ .

3.1 Embedding Constraints with
Linear-Gaussian System

We assume m known linear equality relationships be-
tween input (x) and predicted output (y) variables. As
our inputs are treated as fixed, we introduce a small
tolerance term (ε) to account for measurement noise.

The constraint residual is given by:
z = Ax+By − b+ ε, ε ∼ N (0, diag(r)), (2)

where A ∈ Rm×nx ,B ∈ Rm×ny ,b ∈ Rm, with B of
full row rank, and r ∈ Rm is the diagonal variance
parameterizing the tolerance level.

Conditioning on the residual of the constraint, z = 0
yields a Gaussian posterior predictive:

p(y | x,θ, z = 0) = N (µC , diag(σ
2
C)), (3)

with closed-form updated parameters given by:
S = B diag(σ2

P )B
⊤ + ε (4)

µC = µP +
(
σ2

P ⊙B⊤)S−1 (b−Ax−BµP ) (5)

σ2
C = diag(σ2

P )−
(
σ2

P ⊙B⊤)S−1
(
B⊙ (σ2

P )
⊤) . (6)

This conditioning layer is fully differentiable and can
be inserted into the network as a probabilistic projec-
tion operator. Importantly, although this update step
induces cross correlation within the updated variance,
we only consider the diagonal elements here to reduce
number of learnable parameters.

The method recovers exact hard constraint enforce-
ment as r → 0, while reverting to unconstrained pre-
dictions when r is large. Thus, r controls the strength
of constraint enforcement and it becomes a learnable
quantity within the Bayesian framework.

3.2 Bayesian Inference over Constrained
Neural Networks

Joint Variational Inference. Conventional BNNs
perform inference over the sole model parameters,
whereas we perform joint inference over both the pa-
rameters θ and constraint tolerance r here. We aim to
find a tractable mean-field variational approximation,
q(θ, r), to the true posterior, p(θ, r | D). We approxi-
mate both the priors and variational posterior jointly
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over the network parameters and constraint tolerances
as independent:

p(θ, r) = p(θ)p(r), q(θ, r) = q(θ)q(r),
noting that r must be positive as the prior variance on
our constraint tolerance.

Modified ELBO. The predictive likelihood in-
corporates the conditioned Gaussian distribution in
Eqn. (3). The variational objective is derived by mini-
mizing the KL divergence between the variational and
true posterior, yielding the negative ELBO:
q∗(θ, r) ∈ arg min

q(θ,r)
DKL(q(θ, r) ∥ p(θ, r | D))

= Eq(θ,r)

[
log

q(θ, r)

p(D | θ, r)p(θ, r)

]
= Eq(θ)q(r)[− log p(D | θ, r)]
+DKL(q(r) ∥ p(r)) +DKL(q(θ) ∥ p(θ)) .

The resulting objective balances data-fit with the em-
bedded constraints, alongside a regularization term on
the parameters and constraint tolerance from the pri-
ors. The ELBO is minimized using the usual reparam-
eterization trick [Kingma and Welling, 2022].

Interpretation. The framework may be interpreted
as learning how much to trust prior knowledge. Rather
than assuming perfect validity of constraints, the
model learns the appropriate enforcement strength
from the data. This is particularly important in real-
world systems where constraints may hold only ap-
proximately due to measurement noise or partial ob-
servability. The resulting predictive distribution is
both uncertainty-aware and constraint consistent in
expectation.

3.3 Uncertainty Decomposition Under
Constraint Conditioning

Constraint conditioning modifies the structure of pre-
dictive uncertainty. For a standard BNN, the law of
total variance enables the following decomposition into
aleatoric and epistemic terms:

Var(y | x,D) = Eq(θ)[σ
2
P ] + Varq(θ)[µP ], (7)

Under constraint conditioning the predictive distribu-
tion becomes:

p(y | x,D) = Eq(θ,r)[N (µC , diag(σ
2
C))], (8)

with σ2
C = σ2

P −diag(KSK⊤) following from Eqn. (6).

Then, using the update rules in Eqns. (4)–(6) and ap-
plying the law of total variance over q(θ)q(r) gives:

Var(y) =Eq(θ)[σ
2
P ]︸ ︷︷ ︸

Aleatoric

−Eq(θ,r)[diag(KSK⊤)]︸ ︷︷ ︸
Constraint reduction

+Varq(θ)[µP ]︸ ︷︷ ︸
Epistemic

+ Varq(r)[µC ]︸ ︷︷ ︸
Tolerance uncertainty

+ Covq(θ,r)[µP , µC − µP ]︸ ︷︷ ︸
Constraint–epistemic interaction

. (9)

Since each diagonal entry of KSK⊤ is non-negative,
constraint conditioning always reduces the marginal
predictive variance of each output. As r → 0, the
reduction is maximal (hard projection); and as r → ∞,
it vanishes and the standard BNN decomposition is
recovered.

4 Experiments

We evaluate our framework on learning the single par-
ticle model (SPM) of a lithium-ion battery, imple-
mented via PyBaMM [Sulzer et al., 2021]. The SPM
is governed by spherical-diffusion equations, coupled
with lumped thermal dynamics. The learning task ap-
proximates input-output mapping of the SPM: Given
operating conditions, predict electrochemical and ther-
mal outputs subject to known physical constraints and
noisy data. We benchmark this against a standard
unconstrained BNN.

4.1 Problem Setup

Inputs and outputs. We aim to learn the inter-
action between 3 input variables and 8 output vari-
ables within the SPM model, as summarised in Ta-
ble 3 in the Appendix. Data was generated by
simulating full discharges across a grid of currents
C = {0.5, 1.0, 1.5, 2.0, 2.5, 3.0} and temperatures T =
{273, 283, 293, 298, 303, 313, 318}, yielding 500 state-
of-charge points per combination. Of this, 60% was
used for training, 20% for hyperparameter tuning and
20% as reserved for a test set. Gaussian noise was
added to the outputs to reflect realistic measurement
uncertainty (voltage quantities σ ≈ 2-5mV; thermal
quantities σ ≈ 30–50mWm−3).

Constraints. The SPM satisfies two linear equality
constraints across the outputs, which we embed within
the framework. Writing the output vector as y ∈ R8,
these take the form By = 0 with B ∈ R2×8.

Kirchhoff’s Voltage Law:
V = VOCV − η+ − η− −∆VIR. (10)

Energy balance:
Q̇tot = Q̇rev + Q̇irr. (11)

Chosen Priors and Variational Posteriors. We
placed a standard Gaussian prior over the network pa-
rameters:

p(θ) = N (0, IP ),

where P denotes the number of parameters.
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To ensure positivity of the constraint tolerance, we
reparameterized r via a log-scale variable ρ such that

r = exp(ρ).
We also placed a Gaussian prior over ρ:

p(ρ) = N (µρ,Σρ),

with µρ = [−2,−2]⊤ and σρ = diag([1, 1]), reflecting
a prior belief that the constraints hold approximately,
with limited dispersion around the mean.

Both variational posteriors q(θ) and q(ρ) were chosen
as mean-field diagonal Gaussians.

4.2 Results

We compare all results on the test set. The standard
BNN and the proposed Bayesian constrained proba-
bilistic neural network (BCPNN) are comparable in
terms of point predictive accuracy, and they achieve
identical performance on coverage ratio (0.99), indi-
cating that embedding constraints does not degrade
regression performance.

When evaluating the predictive distributions (Ta-
ble 1), the BCPNN also produces tighter coverage
widths, reflecting the variance reduction predicted by
the decomposition in Section 3.3. When sampling over
the variational posteriors, we also see the BCPNN re-
duces both aleatoric uncertainty due to Gaussian con-
ditioning on the constraint, and epistemic uncertainty,
reflecting tighter posterior concentration and increased
predictive confidence.

Table 1: Predictive uncertainty decomposition, in nor-
malized space.

Model Aleatoric Epistemic

BNN 0.0149± 0.0096 0.0074± 0.0042
BCPNN 0.0140± 0.0097 0.0068± 0.0041

However, the most significant distinction between
these models lies in constraint adherence. The BNN
exhibits large violations on the test set, as it has no
mechanism to enforce the voltage decomposition or
heat balance beyond what is implicitly learned from
data. The BCPNN reduces median violation by over
two orders of magnitude, for the voltage constraint,
and over four on the heat balance (Table B.4), demon-
strating that probabilistic conditioning enforces clear
physical consistency.

The learned tolerance posteriors (Table 2) further
show that the framework is able to automatically dis-
tinguish between constraints: Kirchhoff’s voltage law
(Eqn. 10) is enforced to a higher precision, while the
energy balance (Eqn. 11) retains appreciable slack with
high posterior uncertainty. This result is expected due
to differing measurement noise across variables, illus-

trating the framework’s ability to calibrate constraint
confidence directly from the data.

Table 2: Learned constraint tolerance posteriors.

µρ σρ E[r] Std[r]

Eqn. (10) −11.21 0.23 1.36× 10−5 3.19× 10−6

Eqn. (11) −1.99 1.00 1.37× 10−1 1.36× 10−1

Figure 1: KDE over sampled posteriors of constraint
violations

5 Conclusions

We presented a framework for incorporating linear
equality constraints into BNNs via Gaussian condi-
tioning. The resulting BCPNN preserves the pre-
dictive accuracy of a standard BNN while reducing
constraint violations and producing much tighter and
physically consistent uncertainty estimates. We also
showed how the learned tolerance posteriors automat-
ically can distinguish between constraints of different
tolerances, providing interpretable diagnostics of con-
straint confidence without manual tuning.

The current formulation is applied to only linear
equality constraints here. Extending the condition-
ing framework to handle inequality constraints and
nonlinear relationships would broaden its applicabil-
ity. Additionally, integrating the learned tolerance
posteriors into active learning or experimental design
pipelines could enable data collection strategies that
are informed by both predictive, and constraint un-
certainty could provide interesting avenues for further
exploration.
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Supplementary Materials

A Derivations of Results

A.1 Derivation of Modified ELBO

We seek a tractable approximation to the true posterior, as the minimizer of the KL-divergence:
q∗(θ, r) ∈ arg min

q(θ,r)
DKL(q(θ, r) ∥ p(θ, r | D))

=

∫ ∫
q(θ, r) log

q(θ, r)

p(θ, r | D)
dθ dr,

using Bayes’ rule p(θ, r | D) ∝ p(D | θ, r) p(θ, r), where p(D | θ, r) is our augmented likelihood.

Substituting into the KL objective gives:∫ ∫
q(θ, r) log

q(θ, r)

p(D | θ, r) p(θ, r) dθ dr = Eq(θ,r)

[
log

q(θ, r)

p(D | θ, r) p(θ, r)

]
= Eq(θ,r)

[
log

q(θ, r)

p(θ, r)

]
− Eq(θ,r) [log p(D | θ, r) ] .

Then, using a mean-field factorization q(θ, r) = q(θ)q(r) and p(θ, r) = p(θ)p(r), we obtain:∫ ∫
q(θ, r) log

q(θ, r)

p(D | θ, r) p(θ, r) dθ dr = Eq(θ)q(r)

[
log

q(θ)q(r)

p(θ)p(r)

]
− Eq(θ)q(r) [log p(D | θ, r) ]

= Eq(θ)q(r)[− log p(D | θ, r)] +DKL(q(θ) ∥ p(θ)) +DKL(q(r) ∥ p(r)) .

A.2 Derivation of the Uncertainty Decomposition

The predictive distribution of a new output y∗ given input x∗ is

p(y∗ | x∗,D) =

∫ ∫
p(y∗ | x∗,θ, r) q(θ)q(r) dθ dr. (12)

Since for fixed (θ, r) the predictive distribution is Gaussian:

p(y∗ | x∗,θ, r) = N
(
µC ,σ

2
C

)
, (13)

the law of total variance gives
Var(y∗ | x∗,θ, r) = Eq(θ)q(r)

[
σ2

C

]
+Varq(θ)q(r)[µC ] . (14)

Then, from Gaussian conditioning, we have:
S = Bdiag(σ2

P )B
⊤ +R, (15)

µC = µP +K (b−Ax∗ −BµP ) , (16)

σ2
C = diag(σ2

P )−KSK⊤, (17)
where

K = diag(σ2
P )B

⊤S−1. (18)

Since we only consider the diagonal elements of the covariance matrix, substituting σ2
C into Eqn. (14) yields

Var(y∗ | x∗,θ, r) = Eq(θ)q(r)

[
diag(σ2

P )
]
− Eq(θ)q(r)

[
KSK⊤

]
+Varq(θ)q(r)[µC ] . (19)

The first expectation corresponds to aleatoric uncertainty inherited from the network likelihood, while the second term is
a positive semi-definite reduction arising from constraint conditioning.

We now expand the mean-variance term. Writing
µC = µP +∆(θ, r), (20)

where
∆(θ, r) = K (b−Ax∗ −BµP ) , (21)

we obtain
Varq(θ)q(r)(µC) = Varq(θ)(µP ) + Varq(θ)q(r)(∆) + 2 Covq(θ)q(r)

(
µP ,∆

)
. (22)
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Combining terms, the predictive variance decomposes as

Var(y∗) = Eq(θ)

[
diag(σ2

P )
]︸ ︷︷ ︸

Aleatoric

+Varq(θ)(µP )︸ ︷︷ ︸
Epistemic

−Eq(θ)q(r)

[
KSK⊤

]
︸ ︷︷ ︸
Constraint Reduction

+ Varq(θ)q(r)(∆)︸ ︷︷ ︸
Constraint Tolerance

+2 Covq(θ)q(r)(µP ,∆)︸ ︷︷ ︸
Interaction

. (23)

Since KSK⊤ is positive semi-definite, constraint conditioning always reduces predictive uncertainty in directions aligned
with the constraint. The remaining terms quantify uncertainty induced by posterior variability in the constraint tolerance
and its interaction with parameter uncertainty.

B Numerical Experiments

B.1 Computational Setup

All experiments were carried out on a PC, equipped with 32GB DDR5 RAM, with an Intel Core i9 CPU and an NVIDIA
RTX5090 GPU with 32GB of DDR6 VRAM. All models were implemented in PyTorch Paszke et al. [2019]

B.2 Input and Output Variables

The variables used within the SPM model, and their applicability to our learning framework, are given in Table 3.
Simulations were performed under heteroscedastic observation noise applied independently to each output variable.

Table 3: SPM inputs and outputs used in the learning.

Symbol Description Unit Range

Inputs
I Applied current A 0.5–3.0
SOC State of charge – 0.05–0.95
T Ambient temperature K 273–318

Outputs
V Terminal voltage V
VOCV Open-circuit voltage V
η+ Positive electrode overpotential V
η− Negative electrode overpotential V
∆VIR Ohmic (IR) drop V

Q̇tot Total volumetric heating Wm−3

Q̇rev Reversible heating Wm−3

Q̇irr Irreversible heating Wm−3

B.3 Predictive Performance

We evaluate predictive performance across all outputs using mean squared error (MSE) and credible interval width (CW).
Results are reported as mean ± 1.96σ across output variables and are shown in Table 4.

Table 4: Model predictive performance (µ± 1.96σ over outputs).

Model MSE CW

BNN 1.13× 10−4 ± 1.88× 10−3 0.067± 0.022
BCPNN 1.11× 10−4 ± 2.21× 10−3 0.059± 0.022

B.4 Constraint Satisfaction

To assess structural consistency, we sampled 10,000 Monte Carlo posterior draws and computed the corresponding con-
straint residuals across the test set. The mean violation magnitude is reported in Table B.4.

Model Constraint Violation

BNN 174.82± 90.78
BCPNN 8.81× 10−4 ± 4.3× 10−5


